Discovery Day Mathematics Exam February 11, 2005

Part I. No calculators are allowed. Please do not show your work for Part I. Just write
down the final answer on the white paper provided. Each problem is worth 5 points.

1. Find the area of the triangle below.

8
2. What is the sum of the marked angles 1,2, 3,4, 5,67

6 3
5 4
3. If a and b are the roots of the equation 2> — pxr + ¢ = 0, find the quadratic equation

whose roots are a + 1/b and b+ 1/a.

4. 1If f(x) = fgii and if f(f(z)) = x for all z, what is ¢?

5. How many pairs of integers (m,n) are there such that m? — n? = 101?

6. A bug starts at the origin and crawls 1 unit east, then 1/2 unit north, then 1/4 unit
west, then 1/8 unit south, then 1/16 unit east, and so on forever. What are the coordinates
of the bug’s ultimate destination?

7. Suppose that n tennis players want to play a single-elimination tournament. In each
round the remaining players pair up at random; if the number of surviving players is odd,
then one person (chosen at random) gets a bye into the next round. The winners (and
possibly one person with a bye) go on into the next round. This continues until there is
only one person remaining—the champion. How many matches will be played altogether
(in all rounds of the tournament)?

8. If the angle 0 satisfies tan 6 + sec 8 = 2, what is the value of cos 6?7



2

Part II. Please show all work on the yellow paper provided. Each problem is worth 20
points.
9. The large semicircle shown has radius 1. The circle is inscribed inside it, a smaller circle

is inscribed in the upper semicircle of that circle, and so on forever. What is the area of
the shaded region obtained by removing the lower half of each embedded circle?

10. Alice, Bert, and Cora are playing a dice game. They take turns (in the order given) to
roll a single six-sided die. Alice wins if she rolls a 1,2, or 3. If she doesn’t, Bert rolls, and
wins if he rolls a 1 or 2. If no one has won by then, Cora gets a chance to roll and wins if
she rolls a 1. If no one has won in the first round, then the game starts again with Alice.
What is the probability that Cora wins?

11. For the purpose of this question, treat the earth as a sphere of radius 4000 miles. An
observer on the moon is 240,000 miles from the surface of the earth. What fraction of the
earth’s surface can he see? (Note: the surface area S of a cap of a sphere of radius r and
height 0 < h < 2r is S = 27rh.)



